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A model is presented allowing alulation of energy and matter distribution in the Universe after
expansion from singularity without introdution of expansion energy. Beginning with Fik's law of
diusion, we solve the Bessel funtion for spherial systems during expansion, presuming isotropi
matter distribution in the Hubble ow. This funtion an be substituted with the Assoiated
Legendre dierential equation and when solved we disover useful parameters for those of energy
and matter densities, diusion and temperature. Though we an follow the deline of matter density
over spaetime, we annot suggest a preise value at singularity. This model may be useful though,
as a starting point for modeling star formation rates, SFR, galaxy formation horizon lengths and
regions devoid of matter where traing the matter density deline over time is important.
PACS numbers: 04.20.Dw, 04.20.Ex, 95.30.Sf, 98.80.Jk,98.80.Bp
I. INTRODUCTION
A predition of the General Relativity [1℄, is the pres-
ene of singularity in our past. It seems all energy, mat-
ter and spaetime had one been onned within an in-
redibly small point whih is now a mathematial and
physial problem. While high energy experiments are
helping unravel many details of partile formation soon
after singularity [2℄, osmology might propose estimates
for initial energy densities, partile and energy diusion,
temperatures, the nature of immature spaetime, [3℄, [4℄,
[5℄ Universe age, initial galaxy size and star formaton
rates (SFR).
A diult problem of osmology is the desription of
energy and partile distribution in spaetime after release
of the Universe from singularity. Evidene from the os-
mi mirowave bakground (CMB), observed from a time
about 380,000 years after singularity, suggests that en-
ergy distribution was extremely homogeneous [6℄ and re-
ent estimates of the smoothness of this radiation present
a Gaussian distribution of very small utuations [7℄. We
also know that soon afterwards matter reombined into
atomi H and He, quikly followed by the birth of dense
stars, star lusters, galaxies and even blak holes [8℄. This
early Universe, dense with matter, is thought to have
been a violent era when huge stars devoured enormous
amounts of matter ending "life" with inredible super-
nova (SN) explosions, littering the surrounding spae-
time with many of the heavier elements we presently en-
joy [9℄[10℄. This quik appearane of star-rih galaxies is
puzzling and leads to suggestions that galaxy formation
began before reombination [11℄.
Muh eort is being made in understanding the na-
ture of galaxy and SFR by modeling matter distribution
after reombination [12℄. These semi-emperial models
∗
Eletroni address: oztashaettepe.edu.tr
†
Eletroni address: mlsmith10ox.net
are quite detailed and are usually based upon old dark
matter (CDM) and dark energy onsiderations (∧CDM).
These models indiate a maximum SFR between 11 and
13 Gyr ago, very soon after reombination [13℄. SFR
models are rst order dependent upon matter density
deline and gas temperatures, along with several tru-
ely empirial parameters. Unfortunately, SFR also seems
dependent upon the nature of gathered data; dust on-
tributes mightily to noise in the optial spetrum whih
ompliates heking the models against relible data.
Comparisons with radiotelesopi data have been made
and the expeted redshift dependene of SFR is observed
but, signiant observational tehnique dependene of
data has also been reported [14℄. Enourmous dependene
is also plaed upon old dark matter (CDM) whih is gen-
erally aepted but experimentally unonrmed; perhaps
existing as plentiful amounts of really exoti partiles.
CDM is thought to ontribute muh more to galaxti
gravity than shining matter, star remains, dwarfs and
planets [15℄. Dark energy may also play a role but is
mathematially inonsistent and has hanged from a re-
pulsive to attrative fore looking bak to about z≈5 [16℄
an important epoh for SFR.
We have generalized the rst moments of the Universe
using some well-known laws to desribe matter and en-
ergy distributions bak to near the beginning of time.
We have used the general diusion equation of Fik, as-
suming a single point was divisible into a nearly innite
numbers of small and equally proportioned omponents,
to solve early spaetime expansion. The isotropi dis-
persion of matter allows assumpton of homogenous and
isotropi, non-relativisti diusion of idential and nearly
innumerable omponents and we do not distinquish be-
tween ordinary matter and CDM. We have solved this
spei situation as radial spaetime and by using the
Galilean metri for matter and oupled radiation, have
been able to predit regions of high matter density and
those devoid of matter. This model is useful for predi-
tions of matter density deline and for solutions of galaxy
formation, very old SN rates and SFR.
2II. THEORY
A. Diusion Model of the Universe
The general diusion equation of Fik an be applied
to the Universe as matter diusion from Singularity to
present
∂ρ
∂t
= κ∇2ρ+ v.∇ρ (1)
where ρ is matter density and κ is a diusion onstant
and v is the expansion rate.
This equation is well known in uid mehanis as the
advetion-diusion equations for diusion proesses. We
apply the Galilean transformation to partile dynamis
in the Universe, after the essation of ination; we sug-
gest partile ights are best modeled as non-relativisti
with radiant energy strongly oupled to matter both dif-
fusing well below light speed. We will apply a Galilean
transformation to simplify the non-relativisti expansion
by rewriting diusion in a moving oordinate frame. Our
Galilean frame is a radial expansion with a radial veloity
not neessarily idential to the Hubble ow
r = r′ − vt and t′ = t
and with the derivatives
[1]
∇r′ = ∇r ∂
∂t
=
∂
∂t′
+ v.∇r′ (2)
Plaing these into Eq. (1) we get the density dependene
upon the new time and radial distane sales
∂ρ
∂t′
+ v.∇r′ρ = κ∇2r′ρ+ v.∇r′ρ
∂ρ
∂t′
= κ∇2
r
′ρ. (3)
For the diusion of matter and spaetime from a spherial
point into expanding spaetime let us suggest that ρ be
a funtion of 3-dimensions and the variable temperature,
whih is itself a funtion of time, ρ = u(r′, θ′, φ′)T (t′).
This model for matter diusion is the partial dierential
equation
u
∂T
∂t′
= Tκ∇2
r
′u.
(4)
We now rearrange to separate the variables
1
T
dT
dt′
=
1
u
κ∇2
r
′u.
[1℄
∂
∂t
=
∂t
′
∂t
∂
∂t′
+
∂r
′
∂t
.∇
r
′
=
∂
∂t′
+ v.∇
r
′
Beause the left and right hand sides are equal, both sides
must also be equal to a onstant
1
T
dT
dt′
=
1
u
κ∇2
r
′u = −λ2 (5)
whih allows us the freedom of two independent equations
dT
dt′
= −λ2T, κ∇2
r
′u = −λ2u. (6)
For subsequent presentation we will designate these equa-
tions as "thermal relaxation" and "matter diusion", re-
spetively. We will now let t represent some funtion of
time, so the solution of the "thermal relaxation" model
is
T (t′) = T0e
−λ2t′ .
This model seems straight-forward as a grossly general
desription for times after essation of ination, but must
be modied for the speial onditions during that epoh.
To begin the solution of the "matter diusion" portion
we will onform to the usual onventions where the ∇2
operator is the Laplaian and the ∇, del operator, is the
total partial operator. Using these terms the expansion
has the following forms in spherial oordinates
∇r′2 = 1
r′2
∂
∂r′
(
r′
2 ∂
∂r′
)
− L
2
r′2
(7)
L2 = −
(
1
sin θ′
∂
∂θ′
(
sin θ′
∂
∂θ′
)
+
1
sin2 θ′
∂2
∂φ′2
)
.(8)
We will now allow r˙ = vr, while assuming that θ˙ = 0
and φ˙ = 0 in Eq. (2). That is, the averaged polar and
azimuthal veloities of matter are zero when traveling in
the new referene frame, onsistent with the presumption
of a homogeneous dispersion of partiles beginning with
t = 0. Suh is also onsistent with the very homogeneous
nature of the CMB radiation. Sine this operator in-
volves angular and radial variables we shall separate eah
variable for a useful solution. The solutions of the angu-
lar portions of the operators are the angular funtions
Yl,m(θ
′, φ′) presented in Appendix A and are well-known
in quantum mehanis. To use the step funtion
L2Yl,m(θ, φ) = l(l+ 1)Yl,m(θ, φ) (9)
we suggest u(r′, θ′, φ′) = R(r′)Yl,m(θ
′, φ′) for the "matter
diusion" portion of equation 6.
κ∇2r′u = −λ2u.
We will separate u into radial and angular dependenies,
whih in a ompat for is
1
r′2
∂
∂r′
(
r′
2 ∂
∂r′
)
u+
L2
r′2
u = −λ
2
κ
u.
3We an now rewrite this equation after separation of
variables and substituting with Eq. (9) as
r′
2 d2R(r′)
dr′2
+ 2r′
dR(r′)
dr′
+
(
k2r′
2 − l(l+ 1)
)
R(r′) = 0
(10)
where k2 = λ
2
κ , remembering that κ is the diusion on-
stant.
Let us now substitute for y = kr′ and by plaing y into
Eq.(10) we have the following equation
y2
d2R(y)
dy2
+ 2y
dR(y)
dy
+
(
y2 − l(l + 1))R(y) = 0.(11)
We will now use a seond substitution of R(y) =
Z(y)/
√
y. When we use this for R(y) in Eq. (11) we
are left with a solution whih is in the form of the Bessel
dierential equation of the type
y2
d2Z(y)
dy2
+ y
dZ(y)
dy
+ (y2 − (l + 1
2
)2)Z(y) = 0. (12)
Two solutions of whih are essentially spherial Bessel
funtions(some primitive solutions are presented in Ap-
pendix B) whih we now dene as
jl(kr
′) =
√
pi
2
Jl+1/2(kr
′)√
kr′
, nl(kr
′) =
√
pi
2
Yl+1/2(kr
′)√
kr′
.
The physial solution for both of these is well-behaved;
jl(kr
′), so the solution of radial portion is the propor-
tionality
Rl(r
′) ∝ jl(kr′) (13)
and the general solution of the Eq.(3) is now
ρ(r′, θ, φ; t) =
∞∑
l=0
l∑
m=−l
Al,me
−λ2l,mtjl(klmr
′)Y ml (θ, φ). (14)
Where we allow φ′ = φ, and θ′ = θ, beause assume the
expansion from singularity behaves isotropially and has
only the radial omponent as non-isotropi. The path to
the nal result below is presented in Appendix C, where
the orthogonal solutions to the Bessel funtions are pre-
sented
Al,m =
2k2lm
pi
∫
V
jl(klmr
′)Y ml (θ, φ)ρ(r
′, θ, φ; 0)d3r′ (15)
B. Substitution of the Hubble onstant for λ
If one realls r = r0a(t) where r0 is the present Universe
radius, and a(t) is the expansion parameter (Hubble's
law) is
v =
dr
dt
= r0
da(t)
dt
= Hr. (16)
Dividing eah side r, inserting the matter density ρ =
M/(4pir3/3) then taking the derivative we have
dρ
dt
= − 3M
(4pir4/3)
dr
dt
dρ
dt
= −3ρ1
r
dr
dt
.
Then dividing by eah side with ρ and inserting the Hub-
ble Constant
1
ρ
dρ
dt
= −3H.
One an derive the left hand side from our Eqs. 23 , 24
or 29
1
ρ
dρ
dt
= −λ2
so that we arrive at a ompat form for our onstant
onneting temperature deline with matter diusion as
λ2 = 3H. (17)
At some time in the past, the Galilean frame beomes
unneessary as small perturbations merge togther and
the Universe is better desribed by the Hubble expansion.
C. Path of light in the early Einstein Universe
We suggest muh of the energy of diusion in the expand-
ing Universe just after reombination an be onsidered
unoupled photons. These "exess" photons were sub-
jet to the onditions of the Einstein Universe and an
be treated with the usual metri
ds2 = −(1− r
2
R2
)−1dr2 − r2dθ2 − r2 sin2 θdφ2 + c2dt2.
The path of a photon, if ollision free during the ini-
tial moments of reombination, will be subjet to spae-
time urvature in the usual manner with R a onstant
of spaetime urvature. In a Universe with truly homo-
geneously and isotropially dispersed matter and energy
we should nd R to be quite large and the light path to
be nearly, if not ompletely at, even in the primitive
Universe. We expet inhomogeneties in the polar and
azimuthal dimensions were extremely small, ontribut-
ing only very slightly to the urvature of photon ight.
Light in a primitive Universe without truly isotropially
dispersed matter and energy may suer a ight through
urved spaetime and a slightly smaller value for R. Suh
radiation might be observed at later times as our CMB
[17℄ with muh of the tiny temperature ripples due to
more reent interations with matter and supernova ad-
ditions [9℄, but still ontaining information before reom-
bination when more reent events are removed [7℄.
4III. EXAMPLES OF CONDITIONAL
SOLUTIONS
The following examples might be onsidered models
for our Universe approahing t = 0. These are based on
a funtion desribing a delining proportionality between
matter density in spaetime and the time/radial distane
from the origin. The reader should remember that λ2 =
3H in the following examples whih are based upon the
proportionality
ρ(r, θ, φ; t) ∝
sin(k(r + vt))
r + vt
e−3Ht
The parameters H and k may be hosen from observa-
tions and we should also remember that k2 ∝ 1κ ; the
square of the matter density is inversely proportional to
a diusion onstant.
A. Spherial Symmetri Initial Matter Density
With ommenement of the Universe, matter distribu-
tion was approximately isotropi and an be represented
as ρ(r′, θ, φ; 0) = ρ(r′). In this ase Eq. (15) an be
redued to only the radial integral with the help of rela-
tionships in Appendix A, Eq. (A3)
Al,m =
4k2lm√
pi
δl,0δm,0
∫ ∞
0
r′
2
ρ(r′)jl(klmr
′)dr′ (18)
In this example we have hoosen a total mass of inred-
ible density, ρ(r′, θ, φ; 0) ∼ 1/(r′n). By substituting into
Eq. (18) and attempting to alulate the initial matter
density we nd the result is highly dependent both on
the radial distane and time approahing the Universe
origin. The total for matter and energy is represented by
C in the relationship below
Al,m = C
4k2lm√
pi
δl,0δm,0
∫ ∞
0
r′
2 1
r′n
jl(klmr
′)dr′
where y = klmr
′
. This funtion may be solved using
a suggestion from [18℄, by allowing µ = 3/2 − n and
ν = l + 1/2 for a solution of the integral for the radial
distribution in Eq. (15) as
∫ ∞
0
tµJν(t)dt =
2µΓ(µ+ν+12 )
Γ(ν−µ+12 )
(19)
and with substiution for the integral beomes
Al,m = 4C
(
klm
2
)n−1
δl,0δm,0
Γ( l−n+32 )
Γ( l+n2 )
. (20)
By substituting this into Eq. (14) and using δ funtions
we may generate the general ase for the initial asymp-
toti appearane of energy and matter density in our Uni-
verse
ρ(r′, θ, φ; t) = 4C
(
k
2
)n−1 Γ(3−n2 )
Γ(n2 )
sin(kr)
kr
e−3HtY 00 (θ, φ)
= 2C
sin
(
npi
2
)
Γ (2− n)
pik1−n
sin(kr′)
kr′
e−3Ht. (21)
It seems that Eq. (21) will be diult to evaluate sine
the value of the pre-exponential portion is highly depen-
dent upon the relative value of the radial distane as
our lookbak approahes singularity, while the exponen-
tial portion, dependent upon Hubble expansion, is time
dependent. One thing to note from the pre-exponential
fator is that energy/matter density depends on the dif-
fusion of both through spaetime, as reeted by k. This
is also onsistent with the properties of a gravitational
eld, for partile distribution in any gravitational eld is
dependent upon radial distanes between objets.
1. Homogeneous and Constant Matter Density at t = 0 and
n = 0
Let us presume that the simplest ase for equation
(21), n = 0, orresponds to a onstant initial en-
ergy/matter density ρ(r′, θ, φ; 0) = C/r′
0
= C, and that
energy/matter was homogeneously distributed at singu-
larity, t = 0. We an now use Eq. (21) by allowing
ρ(r′, θ, φ; 0) = C =onstant.
ρ(r′, θ, φ; t) = 2C
sin (0) Γ (2)
pik
sin(kr′)
kr′
e−3Ht.
Due to sin(0) = 0 we are left with
ρ(r′, θ, φ; t) = 0. (22)
This result seems both puzzling and logial; suggesting
that matter density was not distributed at all outside
singularity. This also suggests that homogeneously dis-
tributed matter at singularity was impossible, at least
with this model. Perhaps at the ommening of the Uni-
verse, t = 0, onstant matter density everywhere within
Universe annot be well desribed, exept to suggest that
matter density was 0 everywhere else but at singular-
ity, whatever that "else" was. Another interpretation,
though ontrary to ommon thought, might be that at
the instant of singularity there was intially no energy or
matter density, at all. This suggestion, though strange,
may also be a valid estimate of singularity at origin.
52. The Matter Density Asymptote at t = 0 and
0 < n ≤ 2
We again borrow from [19℄, Γ(12 ) =
√
pi and k0,0 =
k, λ0,0 =
√
3H, and we shall evaluate our model at n = 1
and n = 2 but not n = 0 in Equation (21)
ρ(r′, θ, φ; t) =


C
2
pi
sin(kr′)
kr′
e−3Ht, n = 1
C
sin(kr′)
r′
e−3Ht, n = 2
(23)
Here we have arrived at an estimate of the initial mat-
ter density of the Universe approahing singularity with
some real values for the pre-exponential portion of our
model. As expeted from logial onsiderations and the
arguments of [20℄ the total energy/matter is still inalu-
lable, exept to suggest it approahes innite.
3. An example of the above with the boundary ondition:
n > 2, n =even integers
Let us now presume for n > 2 = 2m, m = 2, 3, 4, ...,
by again substituting real energy/matter density into Eq.
(21) ρ(r′, θ, φ; 0) = C/r′
2m
and
ρ(r′, θ, φ; t) = 2C
sin (mpi) Γ (2− 2m)
pik1−2m
sin(kr′)
kr′
e−3Ht
=
(−1)m−1k2m−1
Γ(2m− 1)
sin(kr′)
kr′
e−3Ht. (24)
Here, the very left-hand portion of the relationship is
again nite and the exponential a funtion of t similar
to the previous example of n = 1, 2. The omplete pre-
exponential annot be evaluated at r = 0 though. The
above solution may be useful as a model, for at large
times, radial distanes and with a realisti diusion on-
stant the matter density an be alulated. As time and
radial distane approah the innite, the energy/matter
density delines to 0, one predited fate of our Universe.
4. An example of a singularity reated with the boundary
ondition: n > 2, n =odd integer
Let us presume for n = 2m+ 1, m = 1, 2..., and with
substitution of real matter density into Eq. (21) that
ρ(r′, θ, φ; 0) = C/r′
2m+1
. If we develop this Universe
along the manner of previous examples, spherial symme-
try but with spaetime in the forward looking diretion,
we an evaluate one again
ρ(r′, θ, φ; t) = 2C
sin
(
mpi + pi2
)
Γ (1− 2m)
pik−2m
sin(kr′)
kr′
e−3Ht
= 2C
(−1)mΓ (1− 2m)
pik−2m
sin(kr′)
kr′
e−3Ht
= ∞ (25)
This means the energy/matter density, everywhere and
at all times, is always innite. This might be interesting
but not believable.
B. Solutions of a Point-Like Universe at t = 0
1. Squeezed in a little sphere of r = a
We again examine the Universe at t = 0 and allow the
matter density to be a smooth funtion of the spherial
spaetime density with ρ ∼ Θ(a− r) , where Θ(a− r) is
the Heaviside, step funtion. If a − r > 0 it obtains the
value of 1, otherwise it is 0, whih trunates the r integral
at r = a. So we will examine a sphere with radius of a,
where the density, C, may be equal to M/(4pia3/3). Let
us suggest, for this solution, that ρ(r′, θ, φ; 0) = CΘ(a−
r′) and substitute this into spherial symmetri ase Eq.
(18) then evaluate over all spae
Al,m =
4k2lm√
pi
δl,0δm,0
∫ ∞
0
r′
2
ρ(r′)jl(klmr
′)dr′
= C
4k2lm√
pi
δl,0δm,0
∫ ∞
0
r′
2
Θ(a− r′)jl(klmr′)dr′
=
M
(4pia3/3)
4k2lm√
pi
δl,0δm,0
∫ a
0
r′
2
jl(klmr
′)dr′
=
3Mk
pi3/2a3
δl,0δm,0
(
sin(ka)
k2
− a cos(ka)
k
)
.
Further progess may be made by evaluating the series
expansion for small values of a whih obviously demands
large initial matter densities
Al,m ≈ 3M
pi3/2a3
δl,0δm,0
(
1
3
k2 − 1
30
k4a2 +O
(
a3
))
.
(26)
After substitution into Eq. (14) and evaluation of the
δ funtions the result, in terms of the Hubble onstant,
is dependent on the familiar parameters of time, radial
distane, matter and diusion
ρ(r′, θ, φ; t) =
Mk2
2pi2
sin(kr′)
kr′
e−3Ht (27)
For the solution leading to Eq. (27) we used the rst
term of the expansion when we took the limit of Al,m
6at a = 0 for the shrinking sphere. The solution of Eq.
(27) is innite initial matter density at singularity, in as
ompat and preise form as an be presently suggested.
This solution is similar to our Eq. (24) where the matter
density approahes innite as the diameter of the Uni-
verse approahes 0. So we have obtained similar results
from two diering initial onditions.
2. Point-like in Radial Diretion Using the Dira Funtion
Imagine the Universe at singularity being ompressed
to a point with a volume of zero. It is possible to repre-
sent this mathematially by a speial funtion; the Dira
delta funtion and we shall use this to represent a tiny
partile by a single point. Let us assume at t = 0 that
ρ(r′, θ, φ; 0) = C
1
r′2 sin θ
δ(r′), where we do indeed have
real energy/matter density at singularity. We have sub-
stituted this ondition into Eq. (15) and have evaluated
as follows
Al,m =
2k2lm
pi
∫
V
jl(klmr
′)Y ml (θ, φ)ρ(r
′, θ, φ; 0)d3r′
= C
2k2lm
pi
∫ ∞
0
jl(klmr
′)δ(r′)dr′
×
∫ 2pi
0
∫ pi
0
Y ml (θ, φ)dθdφ
= C
2k2lm
pi
√
pijl(0)
√
2l+ 1δm,0
(
Γ(l + 1/2)
l!
)2
= C
2k200
pi
√
piδl,0δm,0(
√
pi)2
= 2C
√
pik2δl,0δm,0. (28)
The angular integral of the spherial harmonis an be
evaluated as in Appendix A Eq. (A4). Here, we may use
real values for matter density, diusion and the expansion
rate of the Universe; jl(0) = δl,0 [21℄ and substitute into
Eq. (14) and again using δ funtions
ρ(r′, θ, φ; t) = ρ0
sin(kr′)
kr′
e−3Ht. (29)
We now have another result of interest, arrived by taking
a separate path, for at most any radial distane from sin-
gularity, given the diusion onstant, time and expansion
rate, we should be able to alulate the matter density
of the Universe, in a seemingly straightforward manner,
using Eqs. (27, 29).
IV. DISCUSSION
We have presented a model for the distribution of mat-
ter in the Universe beginning at singularity with de-
pendene on time, Hubble ow, and initial matter den-
sity. By hoosing as our initial ondition the oupling
of energy/matter density with thermal relaxation and
Galilean omoving oordinates, we have been able to
solve spaetime expansion using Bessel's spherial fun-
tions. To do this we rst presumed expansion in the ra-
dial diretion away from singularity but as spaetime ex-
pansion progresses the radial dimension degenerates into
the present situation of relative spaetime. By separating
Eq.(5) into two equal portions we have also assumed a
onstant value for total energy and matter immediately
after singularity. We have hosen to not introdue on-
tinuous synthesis of energy after singularity, even with a
term similar to that rst presented by Einstein [1℄ and of
urrent interest [22℄; this tends to loud straight-forward
evaluation beause some solutions display regions of dis-
ontinuity [16℄.
We have used our solutions to examine several models
for the Universe lose to singularity. Suh tests are im-
portant beause models of this epoh must be inferred
from radiation emitted at muh later times, whih has
been modied by intervening epohs [9℄, and urrent high
energy experiments. The examples from our model are
onsistent, to the rst order, with urrent CMB data by
being homogeneous and angular independent.
In Se. III we attempted to alulate energy/matter
density bak to singularity, that is towards t = 0. We
presumed the initial matter density as spherially sym-
metri and used r−n type funtions with asymptotes at
r = 0. This may be the simplest model one an use to
desribe singularity with respet to energy/matter den-
sity. The general solution of these type of funtions, Eq.
(24) may seem straightforward, but insertion of spei
values for n, for instane, seleting either even or odd
values for n > 2, leads to diering results depending
on the pre-exponential fators, whih in turn depend on
the integer hosen for the solution. An example solution
taking this approah is (22), whih is the speial ase of
n = 0, appearing not radially homogeneous, a ondition
we think is required by urrent CMB data, but we sus-
pet this means everything but singularity exhibited no
energy/matter density - at least to an "outside" observer.
Another example (25) desribes matter density as innite
everywhere at real values for the radius of the Universe,
so this model is not useful.
We have found, through example III A 2, the n = 1, 2
ase, and Eqs. (23) that we may only estimate the matter
density at singularity as inredibly large as the Universe
dimensions approah 0. We have found that matter den-
sity lose to singularity is also very dependent on matter
diusion, as expressed with the parameter, κ again in
Eqs. (23). Examining these equations at the extreme
situation of no matter, our model is onsistent with that
of DeSitter, where spaetime is absolutely at and in-
nite, for when κ =∞ all matter must disappear. So this
model, like the DeSitter Universe, falls short of observa-
tions. When another solution, Eq. (25), is evaluated,
we nd the Universe onsisted of innite matter density
7while displaying a non-zero radius. This seems impossi-
ble to us beause there seems no reason for the eventual
breaking of this "zone of innite matter density" and al-
lowing, spaetime expansion, thermal deline and matter
diusion. So this model is interesting but not useful.
Testing the examples in subsetion III B 1 for a Uni-
verse with diameter r > 0 we found that as the Universe
is ompressed towards singularity we obtain a solution,
Eq. (27), with some similarity to that derived previously,
Eq. (24), but with a pre-exponential term we may possi-
bly trae as lose to singularity as we wish. For derivation
(27), energy and matter densities are highly dependent
on the radius of the Universe, the initial matter density,
spaetime expansion and diusion but will be inredibly
large and nearly impossible to alulate aurately at sin-
gularity. When we use the Dira δ funtion, in setion
III B 2, we also derive a matter density, Eq. (29), both
similar to Eq. (27) and highly dependent on the param-
eters mentioned for that equation. These two solutions
may allow us another avenue to estimate the initial en-
ergy/matter density of our Universe if we an estimate
values for the Hubble onstant, matter diusion and Uni-
verse age with auray near singularity.
We an present an interesting example of introduing
a perturbation, whih we shall denote as χ, into Eq.(29).
We shall substitute with χ by using the proportionality
introdued in Setion III, as the Galilean metri. If we
let χ = kv/H we an reast equation (29) in terms of the
Hubble onstant, time, distane and inversely propor-
tional to a general matter difussion onstant, ompatly
written as
ρ
ρ0
=
sin(kr + χHt)
(kr + χHt)
e−3Ht (30)
This equation allows us the exibility that some fration
of matter diuses with a slightly diering veloity than
the Hubble ow. When we fore χ to be zero, for the
unperturbed ase, we show in Figure 1 that we an follow
the inrease of the matter density with lookbak time
as a funtion of the Ht while seleting for onvenient
values for the mean diusion ontant. We annot nd
evidene, from this plot, for an epoh of disontinuity
or "jerk" as proposed by Reiss and oworkers [22℄; suh
must ome from models using an expliit osmologial
onstant [16℄. This situation of Fig. 1, also predits
epohs of negative matter density but only for speial
situations returning towards singularity. So this model
appears muh too general to indiate zones of laking
matter or rih in matter density.
We next display another ase of this relationship as a
surfae in Figure 2, beginning at singularity with χ = 5
rather than 0. Here we see that matter density deays
very rapidly with inreasing Ht and that at signiant
times beyond singularity we see, by traing regions lose
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FIG. 1: The behavior of the ommon solution from present
matter density traed bak towards early matter density in
Eq. (30) for seleted values of kr at t = 0
to the kr axis, regions devoid of matter are predited.
Likewise, other regions beome enrihed in matter with
inreasing Ht at the expense of neighboring spaetime.
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FIG. 2: The behaviour of the ommon solution from present
matter density traed bak to the early matter density (ρ/ρ0)
versus kr and Ht for χ = 5
The model displayed in Fig. 2 may be useful for es-
timates of the eets of perturbations within the primi-
tive Universe, at non-relativiti matter veloities, eet-
ing the horizon lengths whih determine early galati
group volumes. Suh perturbations, in more detailed
forms, may be introdued into Eqs. (27) or (29), for
8instane in the manner of Eq.(30). Models inluding de-
viations from a Universe of ideal symmetry and inluding
perhaps several Galilean metris, may be found useful to
reet the small inhomogeneities, observed today, aross
the osmi mirowave bakground. Suh perturbations,
whih may have been extremely tiny just after singular-
ity, may well have beome the nulei for gas louds, the
rst stars, lusters and galaxies.
APPENDIX A: EXAMPLES OF SOLUTIONS TO
SPHERICAL HARMONICS
The mixture of Assoiated Legendre and spherial
funtions an be presented in spherial harmonis as
Y ml (θ, φ) =
√
2l+ 1
4pi
(l −m)!
(l +m)!
Pml (cos θ)e
imφ.
Spherial harmonis ondenses all of the terms, through
the relation between Legendre funtions and the range of
m, m = −l...l
A few examples of the simplest solutions to spherial
harmonis for Y ml (θ, φ):
Y 00 (θ, φ) =
1
2
1√
pi
Y 01 (θ, φ) =
1
2
3√
2pi
cos θ
Y ±11 (θ, φ) = ∓
1
2
√
3
2pi
sin θe±iφ
Y 02 (θ, φ) =
1
4
√
5
pi
(3 cos2 θ − 1)
Y ±12 (θ, φ) = ∓
1
2
√
15
2pi
sin θ cos θe±iφ
.
.
. (A1)
All of these solutions are related through onforming
with the orthogonality relationship∫ 2pi
0
∫ pi
0
Y ml (θ, φ)Y
m′
l′ (θ, φ) sin θdθdφ = δll′δmm′ (A2)
∫ 2pi
0
∫ pi
0
Y ml (θ, φ) sin θdθdφ = 2
√
pi
∫ 2pi
0
∫ pi
0
×Y ml (θ, φ)Y 00 (θ, φ) sin θdθdφ
= 2
√
piδl,0δm,0 (A3)
∫ 2pi
0
∫ pi
0
Y ml (θ, φ)dθdφ =
√
2l+ 1
4pi
(l −m)!
(l +m)!
∫ 2pi
0
eimφdφ
×
∫ pi
0
Pml (cos θ)dθ
=
√
2l+ 1
4pi
2piδm,0
∫ pi
0
Pl(cos θ)dθ
=
√
2l+ 1
4pi
2piδm,0
∫ 1
−1
Pl(x)√
1− x2 dx
=
√
pi
√
2l + 1δm,0
(
Γ(l + 1/2)
l!
)2
(A4)
The result of the integral of the Legendre polynomial is
onsistent with the formula of [24℄
APPENDIX B: SOME SOLUTIONS TO THE
SPHERICAL BESSEL FUNCTIONS
Some of the primitive solutions to the spherial Bessel
funtions:
j0(x) =
sinx
x
n0(x) = −cosx
x
j1(x) =
sinx
x2
− cosx
x
n1(x) = −
sinx
x
− cosx
x2
j2(x) =
( 3
x3
− 1
x
)
sinx− 3
x2
cosx
n2(x) = − 3
x2
sinx− ( 3
x3
− 1
x
)
cosx
.
.
. (B1)
∫ ∞
0
r2jl(klmr)jl(klmr)dr =
pi
2k2lm
(B2)
This is based on a more general solution by Joahain [23℄
9APPENDIX C: CALCULATING THE
EXPANSION COEFFICIENTS
The problem is not quite solved for we must perform
further evaluations to unover the oeients. This
requires numerial solutions for eah Al,m for ombina-
tions of l,m. To do this we must impose orthogonality
onditions upon Spherial Bessel solutions and spherial
harmoni solutions; more details of these solutions are
presented in Appendixes A and B. The general way to
perform this is to multiply these solutions by orthogonal
polynomials ontaining dierent parameters and then
integrate over spae, using the volume integral
∫
V
...d3r′ =
∫ ∞
0
∫ 2pi
0
∫ pi
0
...r′
2
sin θdθdφdr′
A sample is given below if we reonsider Eq. (14)
ρ(r′, θ, φ; t) =
∞∑
l=0
l∑
m=−l
Al,me
−λ2l,mtjl(klmr
′)Y ml (θ, φ)
to use orthogonality relations we multiply eah side
jl′m′(kl′m′r)Y
m′
l′ (θ, φ) and integrate over spae and then
then denote left hand side with I of the equality
I =
∫
V
jl′m′(kl′m′r
′)Y m
′
l′ (θ, φ)ρ(r
′, θ, φ; t)d3r′
=
∞∑
l=0
l∑
m=−l
Al,me
−λ2l,mt
∫
V
jl′m′(kl′m′r
′)Y m
′
l′ (θ, φ)
×jl(klmr′)Y ml (θ, φ)d3r
=
∞∑
l=0
l∑
m=−l
Al,me
−λ2l,mt
∫ ∞
0
r′
2
jl(klmr)jl(kl′m′r
′)dr′
×
∫ pi
0
∫ 2pi
0
Y ml (θ, φ)Y
m′
l′ (θ, φ) sin θdθdφ.
Eq. (B2) for the spherial Bessel solution and for
spherial harmonis Eq. (A2) an be solved as
I =
pi
2
∞∑
l=0
l∑
m=−l
Al,me
−λ2l,mtδklm;kl′m′
1
k2lm
δll′δmm′ .
Using Kroneker δ's to kill those orthogonal summations
and ontinuing from l → l′ and from m→ m′ we have
I = Al′,m′e
−λ2
l′,m′
tpi
2
1
k2l′m′
.
These solutions are based upon the independene of time
and now we introdue this with an exponential. So with
the boundary ondition of t = 0 we nd:
I0 =
∫
V
jl′m′(kl′m′r
′)Y m
′
l′ (θ, φ)ρ(r
′, θ, φ; 0)d3r′
= Al′,m′
pi
2
1
k2l′m′
. (C1)
This leaves us with the nal result of
Al,m =
2k2lm
pi
∫
V
jl(klmr)Y
m
l (θ, φ)ρ(r
′, θ, φ; 0)d3r′.(C2)
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